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Hegant Laguerre- Gaussian beams and their properties
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(Ingtitute of Laser Physcs & Chemistry ,Schuan Universty ,Chengdu ,610064)

Abgract : The eegant L aguerre- Gaussan(L- G beams and their propagation properties are sudied
in detal udng the propagation equation derived from the generdized Huygens Fresnd diffraction
integra. The beam propagation factor ( M? factor) and power in the bucket (PIB) are used to
characterize beam qudity ,a comparion of the beam qudity of degant and standard L- G beams is made
and the results are anadyzed.
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Introduction

The complex-argument Hermite- Gaussan (H- G) beams,or cdled eegant H- G beams,were
introduced by Sjegmanll'z] and then recently extended to the elegant L aguerre- Gaussan (L- G)
beams. The near field and far field distributions,beam propagation factor ( M? factor) of elegant
Gaussian beams ,including elegant H- G and L- G beams,were studied extendvely by Saghai and
Sheppard[3'4]. It was shown that elegant Gaussan modes are al© lutions of the paraxia wave
equation, but are not orthogona in the usud fashion,and the arguments of the Hermite and
L aguerre parts are complex. Physcaly ,elegant Gaussan beams represent a type of beams having
complex arguments,whose field profile may change form upon propagation even though in free
sace The purpose of the present paper is to study degant L-G beams and illustrate their
propagation properties with numerical examples. The M?factor and power in the bucket (PIB) are
chosen as the criteria to characterize beam quality. The beam quality of elegant and standard L- G
beams is compared.

1 Propagation equations of eegant L- G beams

The field distribution of elegant L- G beams at the plane of z =0 is expressed as'®!
E(ro80,z =0 = (ro/ wo) mme(fcz)/ w)exp(- ra/ wh)exp(- indo) (1)
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where L denotes the Laguerre polynomia with mode orders p and m, wog is the waist width.
The propagation of elegant L- G beams through a paraxial opticd ABCD system is described by
the generalized Huygens Fresnd diff raction integral of the form!®!

E(r0,2) = ET'JEU E(ro,Go,O)exr{- ‘;Jé[ArS - 2rrqoos® - 04 + Drz]} rodrod o (2)

where A ,B, C, D are rea-valued matrix elements,which obey the relation AD - BC =1.
The substitution from Eqg. (1) into Eq. (2) &ter lengthy integra caculations yields:

+p+l
: = AP (. @B ", Q.o m % AB_
E(r 8,2z = APexp(- in®) 1+ Aqy B r' "exp| - a' P 1+ Ag/B'
(A #0,A/B £0) (3)
where ' = r/ wo is the normalization radia coordinate and qo, g denote the complex q

parametersat the z =0 and z planes,repectively ,which are related by the wel-known ABCD
law
q= (Ago + B)/ (Cqgo + D) (4)
Limited by theintegral condition,Eq. (3) isvaidfor thecaseof A #Z0and A/ B#0. If A=
Oor A/ B -0,Eq. (2) reducesto

. . ]
E(r9,2) = aTleéIOJ-O E(rgB0,0)exp - ‘éJé[ Dr? - 2rroo0s® - 9@& rodro®o (5)

Subgtituting from Eg. (1) into Eq. (5) leadsto

E(rB) = (- D"(p!)'le'”ﬁ[—g‘ﬂ o l(n’)z"*"‘m{ - EB’[ D - —o‘lj f% ,[A = 00r4§‘ *% ©
Egs. (3) and (6) are the closed-form propagation equations of elegant L- G beams,which ddliver
thefield distribution at any plane from the Fresnd diffraction region to the far field. One of the
interesting casesin practice is the focusng by a thin lens with focal length f ,the correponding
ABCD matrix reads [A 8l [1 ZM 1 j _[-Az f(1+0 2)

c o (0 yl-ut ERE; 1

withA z=(z- f)/ f ,Egs. (3) and (6) reduce to

- N mpel [ - TN ]]
! _-in® _ p f rmy m f
E(r B Az =e 7 ( AZ)[1+AZ(1-'T[Nf)} helagieaza- Nyl "

e[ TN (1 - 1T Ny) 2} (2

(7)

TT+A2(1- Ny =0 ®)

and Eom(r 8 Az =0) =(- 1)°(p!) exp(- in®) (T Ng) 2P My 2Pm x
expl - UN((L- TN rE (2% 1) (9)
reectively ,where Ni = wW3/Af (10)

isthe Fresnd number.

Numerical caculations were performed by means of Egs. (8) and (9) ,typica examples are
givenin Figs. 1 and 2 ,where the calculation parametersare Ny =5,(a) p=0,(b) p=1,(c) p=2,
(d) p =3. The normalization factor Io =Tt w§/ 2 is the integrated irradiance of the fundamental
Gaussan beam at the z = 0 plane. For the convenience of compari®on, the results of the
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corresponding standard L-G beams are complied in Figs. 3 and 4 udng the wel-known
a0
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Fig.1 Rdativeirradiance disributions at the plane of A z = - 0.5 of degant L- G beams focused by a lens,the caculation
parametersare Ny =5 a- p=0 b- p=1 c- p=2 d- p=3
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Fig.2 Rdativeirradiance digributions at the foca plane of A z =0 of elegant L- G beams focused by a lens,the caculation
parametersare Ny =5 a- p=0 b- p=1 c- p=2 d- p=3
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Fig.3 Rdativeirradiance digtributions at the planeof A z= - 0.5 of standard L- G beamsfocused by a lens the caculation
parametersare Ny =5 a- p=0 b- p=1 c- p=2 d- p=3
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Fig.4 Rdativeirradiance disributions at the focd plane of A z =0 of standard L- G beamsfocused by a lens,the cdculation
parametersare Ny =5 a- p=0 b- p=1 c- p=2 d- p=3
propagation formula(for example ,see Eq. (13) in Ref.[6]). It turnsout readily from Figs.1 4
that ,except for the modesof p=0,m=0,1 ,which are indistinguishable from the standard

L- G modes,the propagation and focusng behaviors of eegant L- G beams are notably different
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from those of standard L-G beams. The standard L- G beams retain their irradiance profile
unchanged upon propagation ,whereas the irradiance profilesof elegant L- G beamsvary not only at
thefocal planeof A z =0 ,but A at the plane of A z = - 0.5. Moreover ,it is shown that our
approach provides posshility of dmulating the propagation of elegant L- G beamsfrom one plane to
another as they propagate through a paraxial ABCD system.

2 M?factor and PIB

For some practical gpplications ,the M?factor and/ or PIB are often used to characterize laser
beam quality!” 8!
2.1 M?factor

The M?factor of standard L- G beams reads'® M2 =2p+m+1 (11)

However ,it is difficult to derive an anaytica expresson for the M? factor of elegant L-G
beams ,but numerical calculations based on the second- moments definition!”! are till available.
2.2 PIB

The PIB is defined as the fractiona power within a given bucket’ sdzein thefar fiedd ,and is
written as

2-[ a/WO ) 2' ! 2-[ ® 2
PIB :IOIO | E(r®,z=1)] rdchJOIO| E(r0,z=f1)|%rdrd (12)

where a is the bucket’ s width, 25
and E(r ,0,f) isgvenin Eq. 2
(8). Numericd comparative
results are plotted in Figs. 5 and
6,from which it follows that,
gpart from p=0,m =0,1,the
M? factor of elegant L- G beamsis
less than that of sandard L-G
beams, and increases nearly Fig.5 M?factor of eegant (—) and standard(—) L-G beams as a

equaly with m, but increases function of order a- p(m=0) b- m(p=2)

more dowly with p. Thus,the beam qudity of degant L-G
beams measured by the M?factor is better than that of standard
L-G beams. However ,as shown in Fg. 6,thisis not dways
true, providing that the PIB is chosn as the criterion to
characterize beam quality. The PIB of the elegant L- G beam of
order p=2,m=1islessthan that of the sandard L- G beam
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r within the region 0 < r' <0. 108 ,0n the contrary ,the elegant
Fig.6 PIB curves versus bucket' s L-G beam shows the more PIB than the standard one within
dze r for degant (—) and , . .
sandard (— ) L-G beams, 0.108 < r' <0.2. This can be understood well by virtue of

Ni=5,p=2,m=1 Fig. 7, where irradiance distributions of the standard and
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degant L-G beams of orders p =2, m =1 are
complied together. The phydca reaon is that the
PIB is dependent upon the irradiance distribution in
the far field and the chosen bucket’ s sze.

3 Conclusion remar ks

The propagation properties of elegant L-G
beams, including beam quality and irradiance
digributions at any propagation plane from the
Fresnd diff raction region to the far field ,have been
studied and analyzed in detail. Numerical calculation
results have demonstrated the different propagation
properties of degant and standard L-G beams. A
comparative study of the beam quality of elegant and
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Fg. 7 Rdative irradiance distributions at the
focd plane (A z = 0) of degant (—)
and gandard(— ) L- G beams,N; =5,
p=2,m=1

standard L- G beams has shown that different concluson may be drawn, depending upon the
criterion and the chosen bucket’ s gze. The results can be extended to the elegant H- G beams,
whichisfound in Ref. [9] for the one-dimensona case. Furthermore the extendon to the two-
dimendonal case is straightforward. However ,for the apertured case,it is difficult to find
anaytica results for éegant Gaussan beams, but Egs. (1) and (2) are ill applicable to

performing numerical calculations.
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