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Matrix methods for analysing optical

resonators (Part 1)

Lu Baida, Lié.o Yan, Chen Wenyu, Cai Bangwei

(Department of Physics, Sichuan University, Chengdu)

Abstract; This paper summarizes some new developments in the ap-
plication of matrix methods to analysing optical resonators,It has be-

“en shown that the important characteristics of resonators i, e,, beam

parameters, misalignment sensitivity, can be expressed in terms of 4B

CD matrix elements or resonator g parameters in general,Some typical
resonators such as telescopic resonator with a thermal lens (TRTL)
crossed-prism resonator (CPR) , phaseconjugate resonator (PCR), and

“confocal multielement unstable resonator (CMUR) are

investigated in
detail,
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Introduction

The ray transfer matrix and the ABCD law introduced by Kogelnik et al
(1%2) have played an important role in analysing optical resonators since
the middle 1960s, It was shown that the beam properties of

stable reso-
nators such as spot sizes on the mirrors, waist radius
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and its location,
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beam divergence angle,and stability,as well as the characteristics of sphe-
rical eigenwave of unstable resonators, i. e, location of conjugate points,

magnification, diffraction coupling, and unstable condition can be expres-
sed by the resonator ABCDmatrix,To calculate multielement stable resona-
tors, some equivalent resonators (g’, g’’,and g% parameter resonators)ba-

sed on matrix formalism and imggfing propertias were presented by Kogel-
nik, Weber et al.(1’3), In treating multielement unstable resonators, a
canonical formuylation was giv;an by Siegman (4),The applications of those
methods and the relating basic concepts can be found in (%22, This paper
is aimed at summarizing some new developménts in studying optical reso-

nators by means of matrix methods reported, especially,in Chinese litera-
tures, Two important concepts concerning dynamic characteristics of resona-
tors,i.e,the dynamic stability and misalignment sensitivity are extended to
the genera! case, Some typical resonators applied in practice, including
telescopic resonator with a thermal lens (TRTL) , crossed-prism resonator
(CPR),and confocal myltielement ynstable resonator (CMUR) are investi-
gated in detial for illustrating the applications of the methods, and some

useful results for resonator design are obtained,

M, : Mo Matrix formulation of stable resonators
\

/ a b \ Fig.1 denotes a typical multielement

o ) B resonator which is formed by two mirrors

1 ) ] : . Mi,M; with radius R,, R.,respectively,

\ ¢ ¢ / the matrix inside the resonator is
Ry Ry fab .

cd) then the transfer matrix M per

Fig.1 A multielement resonator
ar- A B
M‘(CD

=(—2}R1 2)(3 2,)(-21/13, 2)(23 1)

Introducing the resonator G parameters G,, G, in the general case as

round trip referred to M, is

follows
S
G 1=a R!
g b @
Cr=d=%-

(1) can be written as

2aG; —1 2bG
o ) (3)

M=(2(20G1G1"G1—Gsz)/be 4G1Gz—2GG;
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The self ~consistency condition of the g parameter

Aql +B
q: = Co+D )
and (2) (3) lead to
AB /lb
W2 =—— = 5
! av1-(A+D)*/4 ‘/G,(l -G1G2) ¢
P,=2B/ (D=4) =-R, (6)
where
1 ) A
= - 7
q: D1 ! aW,? ™

and W,, P, are the spot size and curvature radius of Gaussian beam
on the mirror M,, respectively, 4 is the laser wavelength,

The waist radius near M, and its location L,,(referred to M,) are de-
rived by using the ABCD law and (5) , (8) as

el (42)]

- A G,G.(1-G,Gy)

t14 (G1 +02G2"20G1G2) . (8)
_ D=4 __ bGy(a-G))
L“ - 2C (G1 +02Gz“20G1G1) (9)

Similar way delivers the spot size W, and curvature radius P, of Gau-
ssian beam on the mirror M;, the waist radius W,, near M, and its lo-
cation Ly, (referred to M,) as

AP Ab
W,2= = 10
: xV'1- (A'+D’)/4 \/Gz(l ~-G1Gy) (10
P,=2B'/ (D' —A') = Ry , an
A “7AD NT_ b v/ GiGi(1-G1GD)
01’ = :tC"/ 1 ( 2 ) = (G:+d*G,-2dG, Gy ¥
_D' -4 _  5G,(d=Gs)
Loz 207 " (G,+d*C,-2dG.GY) (1%

where A’, B’, C’, D’ are the round-trip matrix elements referred to
M,, and the basic relation holds

A+D=A4" +D’ =2(2G,G, - 1) (14)
The stability condition can be expressed either by ABCD matrix ele-

ments or by G parameters
| 452 |1

2

0<G,G: <1

This completes the matrix analysis for multielement stable resonators

(15)
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except for the beam p.opagation between W,, and W,,, which can be stu-
died by introducing “hybrid” equivalent resonators, details are found

in (%3,
General. condition for dynamic stability
In order to compensate the lensing
M, f MY . A . . .
[ . effects induced by optical pumping in

a, bl\ a, b, solid-state lasers, dynamic stable
[ N S resonator was presented by Steffen et

¢, d . d. © al, 0% In the following we would like
I\? ) ) ~ to discuss this problem more generally
l R, Crid,

A generalized resonator with an

Fig, 2 A generalized resonator internal thermal lens of focal length f

with an internal thermal is sketched in Fig, 2, Assuming that

leas " the transfer matrixes between the mir-

ror M; (i=1, 2) and the thermal lens are (gl 31> and (Gz b:), the
- 1 1 /

single-pass matrix inside the resonator reads
ab)_[fa: bz)( 0)(01 bl) :
c d) (Cz dz l/f Ci d1 o \ (16)

a=a, a;¥bz ¢, -0, b./f .
b=az by +by dy=by bo/f 17)
c=a, c;+cy dyi—a, di/f
d=b, c,+d1 dy=b, d,/f
1f the output mirror M, is adapted, then the conditionAfor dynamic

where

stability can be written as{10J]

dW]_ ' Lo -
aF 0 (18)

where W, is the spot size on the m:irror‘Ml.
Substituting (5) (2) (17) into (18) and considering the basic rela-
tion of the transfer matrix ‘aidi —bici =1 (19

straightforward derivative calculations yield

o () ()
- 2G1+2(b1 +a (2 (20)

where b; is the effective length between -the mirror M: and the thermal

lens,
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Fq. (80) is a4 geteral condition for dynamic stability of multielement
resonator and can be regarded as an extended expression of (21) in{10],
In comparision with (21) (10J, (20) is applicable to more general cases,

an example will be shown in Sec, 5,

- Misalignment sensitivity

In practice resonator misalignment‘ can’t be avoided because of me-
chanical perturbation, thermal distortion etc,To describe the characteris-
tics of misaligned resonators, an useful parameter—-—misalignment sensi-
tivity for empty stable resonators was introduced by Weber et al,(13),its
definition is as follows,

If both mirrors M,, M, are limited by an adapted aperture and ri;,
rii are the displacements of the intensity patterns at the mirrors M,, M,
respectively, and the mirror M, is tilted by an angle a; (i,j=1,2 i%})

then the misalignment sensitivities D; and D are

2o 1 (IQ_)” (m)‘ =_§,L_(_gs_)”znl_+g_15_z_
D, aiz[ Wi * Wi ] A g1 (l—glgz)a’z (21)

D2=D12+D22 (22)

where L is the effective length of resonator and g1s 8, are the g parame-

ters defined as

e L ,
gi=1 R, 23)

and W,, W, are the spot sizes on the mirrors M,, M,, respectively,
For multielement resGpators, some lengthy geometrical calculations

deliver(!4]

oo b G; )”z 1+G,G,
Dit=—=7 ( G (-GG, (24)

the symbol meaning in (24) is the same as in Sec, 2,

Physically, the larger the parameter D; is, the larger the additional
losses due to the mirror misalignment would be, and the resonator is more
sensitive to mirror tilting,so we can compare characteristics of misaligned
resonators with the help of parameter D;.

For the other cases, where only one limiting aperture is located at the
mirror or at a distance from the mirror, the results are compiled in (14],
Note that the displacements r;; r,, can be also calculated by using a 4 x4
augmented matrix introduced by wang(®), which is convenient for some

applicationsC(18718]
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